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In this paper, we shall prove a property of the harmonic function H defined on a half-space T which is represented by the generalized Poisson integral with a slowly growing continuous function / on the boundary dT of T. Then we shall investigate the difference between H and more general harmonic functions having the same boundary value / on dT. These give a kind of positive answer to a question asked by Siegel.
Introduction.
Let K. and K+ be the sets of all real numbers and of all positive real numbers, respectively. We introduce the spherical coordinate (r, Θ), Θ = (0i,02, > 0 n -i)> i n ^e n-dimensional Euclidean space R n (n > 2) which are related to the cartesian coordinates (X,y), X -{xι^x 2 -> . ,x n -i 5 !/) by the formulas /n-l
Xχ

~ΓI Π and if n > 3, Λ-i \
Xn+ι-k = r J| sinθ^ cos0 fc (2 < k < n -1), where 0 < r < H-oc, -2" x π < 0 n _i < 2~13π
and if n > 3, 0 < θj < π (1 < j < n -2).
The unit sphere (the unit circle, if n = 2) and the upper half unit sphere {(l,0i,02,..-A-i) eM n ; 0<6>! < f} (the upper half circle {(l,0i) E M 2 ; 591 -2-λ π <θ x < 2~ιπ) if n = 2) in R n (n > 2) are denoted by S 71 " 1 and S!p\ respectively. The half-space {(I,y)GΓ; XGR n -1 ,y>O} = {(r,θ)GΓ; ΘGS^1, 0 < r <+OO} is denoted by T n . Then the boundary dΊ n of T n in R n (n > 2) is identified with R 71 " 1 , which is represented as
{Q = (t,ξ)ew-ι ;
|g| = t > o, f e as"-1 } by the spherical coordinates, where 9S+" 1 is the boundary of S+" 1 in S 71 " 1 (if n > 3, then dS 1^1 = § n " 2 and if n = 2, then dS\ = {- §, f} , (t, f) = t G R and (ί,-f) = -t6R(ί>0)).
Given a continuous function / on OT n , we say that h is a solution of the (classical) Dirichlet problem on T n with /, if h is harmonic in Ύ n and lim h(P) = /(Q) for every Q e dT n .
Helms [4, p. 42 and p. 158] states that even if / is a bounded continuous function on dT n , the solution of the Dirichlet problem on T n with / is not unique and to obtain the unique solution H(P) (P = (X,y) € T n ) we must specify the behavior of H(P) as y -» +oo. With respect to this fact, Siegel [ 
, then there exists a solution He,n(f){P) of the Dirichlet problem on T n with f satisfying if they exist, where dσ& is the surface element on S n x . Let G n (P 1 ,P 2 ){Pι 1 P 2 E T n ) be the Green function of T n . By K^n(P, Q) (P e T n , Q e dΊ n ), we denote the ordinary Poisson kernel of T n where -denotes the differentiation at Q along the inward normal into T n όv and s n is the surface area 2τr n / 2 {Γ(n/2)}- 1 
If h(P) is a solution of the Dirichlet problem on T n with this f satisfying
(1.3) h(P)=o(r i+1 /cos θ 1 ) (r->+oo) (P = (r,θ) € T n , θ = (Θ 1 ,θ 2 ,... ,0 n -x)), then h(P) = H t , n {f)(P) + U(h)(P) (P € T n ),ί \f(t,ξ)\dσ ξ = f(t^) + /(t,~) (n = 2).
Then the Poisson integral
is a solution of the classical Dirichlet problem on Ύ n with f such that μo(HoA\f\))=0.
If h(P) is a solution of the classical Dirichlet problem on T n with this /, then two limits μo{h) (-00 < μo(h) < -j-oo) and μo(\h\) (0 < μo(\h\) ^ +00) exist, and if
We remark that (1.5) is equivalent to
If h is a solution of the Dirichlet problem on T n with this / such that In this paper we shall show that a solution of the Dirichlet problem on T n with / satisfying (1.4) satisfies a natural condition weaker than (1.2) (Theorem 1) and other solutions with this / satisfying some growth condition different from (1.3) are specified in a certain sense (Theorem 2), which contains a positive answer to SiegeΓs question in every case (Corollary 1) and gives a generalized form of Theorem A (Corollary 2). We shall also state Theorem 2 in more general form (Theorem 3).
I would like to thank the referee for suggesting a much simpler proof of Lemma 3.
Statement of results.
We denote the origin of IR n by O. Let k (k > 0) and n (n > 2) be two integers and let L k^n + 2 be the (n + 2)-dimensional Legendre polynomial of degree £;, where Lo,n+2 = l We also put
n-ί
We note that c k^n+2 L k^n+2 (t) is equal to the ultraspherical (or Gegenbauer) polynomial P k /2 of degree k associated with | (see Stein and Weiss [7, p. 148 ]) The following theorem gives the Fourier expansion of K Ojΐl (P, Q). for each P = (r, θ) E R n . // r < t and θ E S+"
Theorem B. (Armitage [1, Theorem E] and Gardiner [3, Theorem B]).
For an integer £ > 1 and two points P = (r, θ) e T n , Q = (t,ξ) e OT n , we put
VUPQ)
We see from Theorem B that for any fixed Q 6 dT n the function V^n(P, Q) of P £ T n is harmonic on T n and vanishes on OT n . We define another function TTΛ / o ^^ ίVi f n(J°, Q) (P eT n ,Q = (ί, 0 e ST n , 1 < t < +oo)
In addition to K 0>n (P, Q), the Poisson kernel K e>n (P, Q) (P G T n , Qg 5T n ) of order t {I > 1) is defined by
(see Siegel [6, p. 7] and also see Armitage [1, p. 56] ). Let I be a non-negative integer. Given a function Φ(r, θ) on T n , we set 
Θ)f(t,ξ)dσλ dt P=(r,θ).
We note from (2.2) that^ dί<+oo.
Put J k , n ,Q(P) = yΎ k3 n iQ (P), and observe from (2.1) that Ύ k^Q (P) is a polynomial of P = (xχ,x 2 ,... ,x n _i,y) G M n of degree at most k and even with respect to the variable y. Hence, if we set J kn (f)(P) = j/ϊjζ n (/)(P), then Ύ* kn (f)(P) is a polynomial of P = (xι, It is well known that many results on harmonic functions in M n can easily obtained by a passage to M n+2 . By using this fact and the result with mn + 2 stated above, Kuran proved the following Theorem C. To state it, for a function Φ(r, θ) on T n we define 2?( ! /Φ,r) = (σ+)-1 / ί/Φ(r,θ)dS+ if it exists, where §+ = {(r, θ) G T n ; Θ G S+" 1 } , σ+ is the surface area of the spherical part of §+ and dS+ is the surface element of §+. (-h(r,θ) ) be a harmonic function on T n such that h vanishes continuously on dT n .
Theorem C. (Kuran [5, Theorem 10]). Let h{X,y)
If for some positive t, 
r->oo
The following theorem answers affirmatively Siegel's question in the case where I is a positive integer.
Theorem 2. Let ί (I > 1), n (n > 2) be two integers and
(2.7) / G F itn .
If /ι(r, Θ) is a solution of the Dirichlet problem on T n with f satisfying
(2.8) μ e (h + ) = 0,
then (2-9) h(P) = H tιn (f)(P) -for every P = (X, y) E T n , where Π(/ι) (P) is a polynomial of P -(xι, x 2 , -x n -ι,y) G W 1 of degree at most ί-1 and even with respect to the variable y.
The result obtained by Siegel immediately follows from the remark following Theorem A (the case ί = 0) and Theorem 2 (the case ί > 1).
Corollary 1. Let i be a non-negative integer and f(Q) be a continuous function on dT n -
R n-1 (n > 2) satisfying
\f(Q)\<F(x) (Qer-1 , \Q\ = X>O) for some F(x) e F t (£ > 0), F(x) = F(-x) (x E K). If h(P) is a solution of the Dirichlet problem on Ύ n with f such that h(P)=o(r e+1 / cos ΘJ (r->oo) (P = (r, Θ) 6 T n ), then h(P) = H t , n (f)(P) + U(h)(P) (P = (r,θ) G T n ), where U(h)(P) is a harmonic polynomial of P -(x 1 ,x 2 ,.
. , a; n _i,y) G M n o/ degree at most ί vanishing on dT n .
Theorems 1, 2 and Remark 1 also give a generalized form of Theorem A. 
Corollary 2. Let £ be a positive integer and f(Q) be a continuous function on dT n (n >
2
Proofs of the Theorems 1, 2, 3 and Corollary 2.
For a set E, E C R+ U {0}, we denote {(r, θ) G T n ; r G #} and {(r, θ) G OT n ; reE} by Ί n E and <9T n £, respectively.
Lemma 1. For a positive integer ί we have \K Oin (P,Q) -V t9 n(P,Q)\ < dr^H-^cosθ ±
for any P = (r,θ) G T n , Θ = (θ u θ 2 ,... ,β n -i) and any Q = (t,0 G 2r 9T n -{0} (n > 2) satisfying 0 < -< 1, ti Λere CΊ «5 a constant depending only on ί and n.
Proof Take any P = (r,Θ) G T n and any Q = (t,ξ) G OT n -{O}. Put 2r ί βi = -, α = -and Θi = Θ in t 2
x,θx), («i? 2 ,θ 2 )) = G n ((RuQi), (Ra,θ 2 )) («€«+, (Λi,θ x ), (Λa.θa) 6 T n ).
When (i? 2 ,62) approach to (2, £) € OT n along the inward normal, we obtain (3.1) 2r Suppose that 0 < -< 1. Prom Theorem B and (2.2) we have that
is finite, we immediately have from (3.1) and (3.2), which is the conclusion.
D Lemma 2. Let t he any positive integer. Let f(Q) be a locally integrable function on dT n (n > 2) satisfying (2.3). Then i?^) T1 (/)(P) is a harmonic function on T n .
Proof. For any fixed P = (r, Θ) G T n , take a number i? satisfying R > max(l,2r). Then from Lemma 1 we have
Thus H iin (f)(P) is finite for any P e T n . Since K t , n (P,Q) is a harmonic function of P £ Ύ n for any fixed Q G OT n , i/^n(/)(P) is also a harmonic function ofPeT n . D Proof. Let Q* = (ί*,ξ*) be any fixed point of dT n and ε be any positive number. Take a positive number £, δ < 1, such that (3-4)
HQ)<f(Q )+ε
for any Q e <9T n Π C/^Q*), where t/" 4 (Q*) = {P 6 M n ; |P -Q | < δ} . From (3.3), we can choose a number R*, R* > 2(ί* + 1), such that
for any P eΊ n ΠU δ (Q*). Now we write
First we see from (3.5) that for any P = (r,Θ) GT n Πt^(Q ), Θ = (^,θ 2 ,... ,0^), where
we obtain that 
)
where Ci is the constant in Lemma 1. Since (3.12)
we have from (3.3) (3.13) h(r) < ε -for any P = (r, θ) G T n , r > r 0 . Suppose P = (r,θ) G T n [ §,+oo). For any Q = (t,ξ) G OT n (0 < t < 2r) we obtain for every P = (X,y) G T n , where U(h) is a polynomial in R n of degree at most ί -1 and even with respect to the variable y, which gives the conclusion of Theorem 2. D
Proof of Corollary 2. The first part follows from Theorem 1. Since / G F^n, Theorem 2 gives for every P = (X,y) G T n , where Π(Λ)(P) is a polynomial of P G M n with degree at most £ -1 and even with respect to the variable y. Remark 1 also gives for every P = (X,y) G T n , where L(f)(P) is a polynomial of P G R n with degree at most ί -1 and even with respect to the variable y. Prom these, we evidently obtain (2.11). 
, n (f)(P) = H t , n {}){P) + yL(f)(P),
where L(f)(P) is a polynomial of P and even with respect to y. From (3.20) and (3.21) we have h(P) = H e , n {f)(P) + yΛ(Λ)(P), Λ(Λ)(P) = Π(Λ)(P) -which is also the conclusion of Theorem 3. D
